We consider the possibility of localizing gravity on a Nielsen-Olesen vortex in the context of the Abelian Higgs model. The vortex lives in a sixdimensional space-time with negative bulk cosmological constant. In this model we find a region of the parameter space leading, simultaneously, to warped compactification and to regular space-time geometry. A thin defect limit is studied. Regular solutions describing warped compactifications in the case of higher winding number are also presented.
I. INTRODUCTION
Topological defects appearing in different field-theoretical models and residing in higherdimensional space-time can be considered as a prototype of four-dimensional world provided the known particles and gravity are localized on them [1] - [5] . For example, a domain wall solution of a simple λφ 4 theory with spontaneous breaking of φ → −φ symmetry in five-dimensional space-time leads naturally to four-dimensional chiral fermions residing on a domain wall [1] and to four-dimensional gravity [5] , if some fine-tuning of a bulk cosmological constant to the domain wall tension is made. A number of "thick" wall solutions in scalar field theory coupled to gravity has been found [6] , and the possibility of gravity localization on these walls has been studied.
If a domain wall is replaced by a more complicated topological defect, such as string [7] - [11] , monopole [12, 9, 13] or instanton [14, 15] (living, respectively, in 6, 7 or 8 dimensions), the structure of chiral fermionic zero modes, needed for construction of a realistic phenomenology in four dimensions, gets richer. Hence, if the possibility of constructing standard model interactions along these lines from higher dimensions is taken seriously, other fields (scalar, gauge and gravity) must be localized on topological defects as well.
In [11] was shown that a thin string in 6 dimensions could lead to localization of gravity if certain relations between the tension components are satisfied (for even higher-dimensional generalisations see [12, 16] ). The aim of the present paper is to provide a field-theoretical realisation of this idea and show that an Abelian Higgs model [17] , in which a string defect arises naturally, can lead, at once, to solutions which localize gravity and which have a geometry free of singularities. In the absence of branes a model with an Abelian magnetic field in six dimensions was considered in [18] .
The plan of our paper is the following. In Section II the Abelian-Higgs model coupled to six-dimensional Einstein-Hilbert gravity is formulated. In Section III the properties of six-dimensional cylindrically symmetric warped geometries will be discussed in the absence of defects. This is a necessary step for a classification of the solutions in the presence of vortex-type defects. In Section IV the asymptotics of the solutions will be studied both for the metric and for the scalar and gauge fields. Necessary conditions in order to get string solutions will be formulated. Section VI contains numerical examples of the solutions localizing gravity whose parameter space is analyzed in detail. The thin string limit is considered. In Section VII we discuss solutions leading to gravity localization in the case of higher winding numbers and consider regular string solutions which do not localize gravity.
Section VIII contains our concluding remarks. In the Appendix useful results concerning the interplay between the thin string limit and the Bogomolnyi limit have been collected.
II. ABELIAN-HIGGS MODEL IN SIX DIMENSIONS

A. Basic equations
The total action of gravitating Abelian Higgs model in six dimensions can be written as
where S brane is the gauge-Higgs action and S grav is the six-dimensional generalization of Einstein-Hilbert gravity. More specifically, As usual the bulk action is
where Λ is a bulk cosmological constant, χ = 8πG 6 = 8π/M 4 6 and M 6 denotes the sixdimensional Planck mass.
From Eqs. (2.1)-(2.4) the coupled system of classical equations of motion can be derived
where
We are interested in static string-like solutions of Eqs. (2.5)-(2.7) that depend only on the extra coordinates and thus do not break general covariance along the four physical dimensions. For these solutions a six-dimensional metric is [20, 11] 
where ρ and θ are, respectively, the bulk radius and the bulk angle, g µν is the fourdimensional metric and M(ρ), L(ρ) are the warp factors. The Nielsen-Olesen ansatz for the gauge-Higgs system reads:
where n is the winding number.
Inserting Eq. (2.10) into Eqs. (2.5)-(2.7) and using the specific form of the metric given in Eq. (2.9), the equations of motion can be written as
The four-dimensional metric g µν ( x, t) obeys the equation:
where the physical cosmological term, Λ ph , is an arbitrary integration constant and M P is the four-dimensional Planck mass. If Λ ph = 0 we can choose g µν = η µν where η µν is the Minkowski metric. This will be the case we will be mostly interested in, even though we will often keep the physical cosmological constant, for sake of completeness.
In Eqs. (2.11)-(2.15) the prime denotes the derivation with respect to the rescaled variable
The function L(ρ) appearing in the line element of Eq. (2.9) has also been rescaled, namely
Furthermore, the functions m(x) and ℓ(x) are simply
In Eqs. (2.11)-(2.15) dimensionless parameters have been defined as:
Within the mentioned conventions the components of the energy-momentum tensor T B A turn out to be (2.15) connects m(x) and ℓ(x) to the first derivatives of the gauge and scalar degrees of freedom and it is, therefore, a constraint. In the following part of the paper µ ph = 0 will be assumed.
B. Boundary conditions
Regular solutions of the equations of motion can be investigated once the boundary conditions are specified. In order to describe a string-like defect in six dimensions we have to demand that the scalar field reaches, for large ρ, its vacuum expectation value, namely |φ(ρ)| → v for ρ → ∞. In the same limit, the magnetic field should go to zero. Moreover, close to the core of the string both fields should be regular. These requirements can be translated in terms of our rescaled variables as
The requirement of regular geometry in the core of the string reads: 
which does not hold in general and requires a fine-tuning of parameters of the model, as it will be discussed.
III. BULK SOLUTIONS
Outside the core of the string all source terms in Eqs. (2.21)-(2.23) vanish and a general solution to equations ∂m ∂x
can be easily found [20] . We will consider the case Λ ≤ 0 only, since the case of a positive cosmological constant in the bulk was studied in [20] . Defining
the solutions of Eqs. (3.1) can be written as
where ǫ is an integration constant. Once m(x) is known, ℓ(x) can be determined from the second of Eqs. (3.1).
In order to understand whether gravity can be localized on any of those solutions we compute M and L:
.
If ǫ > 0 or ǫ ≤ −1 we have that for x → ∞ M ∼ L ∼ e cx . For this solution the integral in (2.26) diverges and thus gravity cannot be localized.
If ǫ = 0 the solution is simply 5) and the warp factors will be exponentially decreasing as a function of the bulk radius:
The solution of Eqs. (3.5)-(3.6) leads to gravity localization and to a smooth AdS geometry far from the string core. We also note that a pure positive exponential solution can be derived for ǫ → ±∞ taking M 0 ∼ c 1 /|ǫ| 2 5 and L 0 ∼ c 2 /|ǫ| 2 5 where c 1 and c 2 are two arbitrary constants.
If −1 < ǫ < 0, M(x 0 ) = 0 where x 0 = 1 5c log 1/|ǫ|. The geometry is singular at x = x 0 (see below) and x < x 0 should be required. In spite of the fact that L diverges at x = x 0 , the integral (2.26) defining the four dimensional Planck mass is finite. So, these geometries can be potentially used for a gravity localization, provided the singularity at x 0 is resolved by some way, e.g. by string theory [19] . These types of singular solutions were discussed in [20] for the case of positive cosmological constant.
Finally, if the bulk cosmological constant is zero, the solutions have a power-law behaviour, namely
with dγ + δ = 1, dγ 2 + δ 2 = 1 , In order to study the singularity structure of the bulk solutions without specifying ǫ, the different curvature invariants may be computed. In the case of warped metrics the Riemann invariant has been calculated in [21] . The explicit form of all the curvature invariants for the metric of Eq. (2.9) is given in [19] and they are:
Let us first check the regularity properties of the bulk solutions (3.3). The Ricci and scalar curvature invariants are simply constant for any ǫ:
The Riemann and Weyl invariants are Consider, in particular, the case of n = 1 2 . In this case asymptotic solutions close to the core can be written as :
In Eq. (4.4) A and B are two arbitrary constants which cannot be determined by the local analysis of the equations of motion. These constants are to be found by boundary conditions for f (x) and P (x) at infinity.
For completeness, we give also the limit of the components of the energy-momentum tensor in the vicinity of the origin:
The asymptotics of the solutions at infinity
Consider now asymptotics of solutions at large x, assuming that the geometry is regular at infinity. This situation can be realized both in the case ǫ = 0 [i.e. Eq. (3.5)] and in the case Eq. (3.4) either with ǫ > 0 or with ǫ < −1. We can write
where, according to Eqs. (2.24) for x ≫ 1, P ∼ 0 and f ∼ 1.
First, we will consider the case ǫ = 0. From Eq. (2.12) it follows that
which implies that, for x ≫ 1
If 4α ≫ 9c 2 (the limit of small bulk cosmological constant) the solution is compatible with the gauge field decreasing asymptotically as δP ∼ e − √ αx which is the well known flat-space result of the Abelian-Higgs model.
The linearization of the scalar field equation, using a similar procedure, yields For ǫ = 0 the sign in front of c in equations (4.7,4.9) must be changed, and we get
(4.11)
The linear approximation is valid if
C. String tensions
In the description of string-like defects in four-dimensions it is useful to study the relations obeyed by the string tensions. Indeed, some particular linear combinations of the string tensions may be related to the Tolman mass per unit length and to the angular deficit of the geometry. These quantities can be used in order to classify the physical properties of the solutions and in order to check if they are effectively asymptotically conical [22] .
This analysis is also relevant in our case even though the physical interpretation changes and the specific algebraic relations are different from the well known four-dimensional cases.
The components of the string tension are defined as
The integrals appearing at the right hand side always converge for solutions with regular geometry, as follows from the results of the previous subsection.
We will show now that for 
Integrating Eqs. (4.13)-(4.14) from zero to x c → ∞, we get
(4.16)
In the limit x c → ∞, Eq. .16) is the generalization of the relation giving the angular deficit. Therefore the following relation must hold:
This is the fine-tuning relation which has been already found in [11, 12] .
Let us note that if ǫ = 0 one can use the asymptotics of the metric found in Eq.(3.4) for computation of the left-hand sides of (4. 15,4.16) . This gives a more general relation,
The extra term vanishes also for ǫ → ±∞ given the scaling behaviour of M 4 0 ∼ |ǫ| − 8 5 and L 0 ∼ |ǫ| − 2 5 . So, the condition (4.17) is only necessary but not sufficient in order to have solutions leading to gravity localization.
Being an integral relation we can use (4.17) in order to get informations on the behaviour of the solution in the origin. In order to do so, the left hand side of Eq. (4.17) can be directly expressed in terms of the scalar and vector fields
Using now Eq. (2.12) we arrive at
which can be inserted back into Eq. (4.19) . Integrating by parts the obtained relation the term containing P ′ 2 cancels and we arrive at
For the solutions we are interested in the boundary term at infinity vanishes. Using now the asymptotic behaviour for small x of Eqs. (4.4) we obtain, from Eq. (4.21), 
This relation is very helpful for numerical integration of equations of motion performed in the following section.
Finally, we would like to notice that the magnetic field can be expressed as B(ρ) = −P ′ (ρ)/(e L(ρ)). Using now Eq. (4.24) we have that 8πB(0) = e M 4 6 .
In closing the present Section we want to stress that the results obtained from the analysis of the relations among the tensions are only necessary conditions in order to find ǫ = 0 solutions. They are not sufficient because f ′ (0) ∼ A still remains undetermined.
V. SOLUTIONS WITH LOCALIZATION OF GRAVITY
In this Section, a numerical search for solutions that localize gravity will be performed.
The general method of integration will be firstly outlined. Secondly, some interesting numerical solutions will be presented as an example. Finally, the scan of the parameter space of the model leading to ǫ(α, µ, ν) = 0 will be presented.
A. Numerical integration
In order to prepare the ground for the numerical integration the system of Eqs. (2.11)-(2.15) can be expressed in a form of a first order non-linear dynamical system. By linearly combining Eqs. (2.11)-(2.15) the following set of equations can be obtained:
In order to solve this system the shooting method [23] has been employed. In the shooting Newton method [23] is then used in order to find the values of A and B required in order to match the boundaries within the precision of the algorithm.
Therefore, in order to identify a correct set of initial conditions extensive use of backward integrations has been made. Backward integrations have been applied by giving final conditions on warped solutions at large x and by integrating the equations from large to small x. This method allowed to identify a set of initial conditions leading to the correct asymptotic boundaries with warped metrics. This idea has also been applied in a different context always involving warped compactification in string inspired models with quadratic curvature corrections [19] .
B. Some numerical examples
We are now going to give some examples of the numerical integration, see Finally it is interesting to check the behaviour of the various components of the energy momentum tensor, which are reported in Fig. 3 . From Fig. 3 we notice that τ θ (x) gets negative and it approaches zero from negative values. This is due to the fact that, in τ θ (x) the magnetic stresses dominate leading to locally negative pressure.
In Fig. 4 , we show an example where the exponential damping of the metric is slower than in the case showed in Fig. 1 . The reason for this behaviour stems from the fact that the value of the cosmological constant (i.e. the µ parameter) chosen in Fig. 4 is roughly one order of magnitude smaller than in the case discussed in Fig. 1 . The case α = 2 corresponds to m V ≡ m H , i.e. Bogomolnyi limit where the Abelian-Higgs model in four dimensional flat space obeys interesting properties. This limit is discussed in some details in the Appendix.
To check for the accuracy of numerical integration procedure we consider the constraint equation (2.15) (which was not used in the numerical procedure) that connects m(x) and In Fig. 5 we plot the left hand side of Eq. (5.6) for the solution shown in Fig. 1 of this Section. As we can see Eq. (5.6) is satisfied with a precision of 10 −13 in the vicinity of the core and with a precision of 10 −11 for large x. For the other solutions similar behaviour can be obtained for the constraint.
C. The parameter space of the solutions with gravity localization
Up to this moment, examples of compactifications on a vortex were analyzed. A scan in the parameter space of the solution will now be performed.
In order to achieve this program in a systematic way the procedure is, in short, the following. Suppose that we have already a solution that satisfies all the requirements (for example, the one in Fig. 1 or 4) . It can be found by a procedure of backward integration discussed above. Then one of the three parameters among α, ν and µ is kept fixed, a second is changed by small steps and the third one is tuned to the first two by requiring that are satisfied for large x. The zeroes of Eq. (5.7) are found by means of a simple bisection method [23] .
Using this procedure a scan of the parameter space of the model has been performed.
Let us start by discussing the scan in the (µ, α) plane at constant ν. The results of the study are shown in Fig. 6 .
The same type of procedure can be carried on in the case of fixed µ. As a result we will get the (α, ν) projection of the parameter space of the solution. This result is presented in Fig. 7 . Finally we can also investigate the (µ, ν) plane at for fixed α. In this case the results of our study are shown in Fig. 8 . In Fig. 8 we can notice that the limit µ → 0 at α = 2 implies that ν → 2. This can be shown analytically, see Appendix.
Finally, in order to give a visual feeling of the fine-tuning surface we can present a threedimensional plot in the (α, µ, ν) plane. This surface is illustrated in Fig. 9 . The points on this surface defines a fine-tuned solution of the types presented in Fig. 1 and Fig. 4 .
D. The thin-string limit
The thin string limit was used for gravity localization in [11] . In this limit the energy density of the vortex gets more and more localized in the origin while the exponential damping of the warp factors gets milder as in Fig. 4 . Here we will show how the thin-string limit implemented in the Abelian Higgs model.
The main idea of a thin string limit is to replace the real thick string made of the scalar and gauge fields by a thin gravitating object 3 characterized by three different string tensions defined in Eq. (4.12). Then the parameters of the metric outside the string M 0 , L 0 , ǫ and four-dimensional Planck constant are related in a simple way to the string tensions 3 The physical size of this gravitating object, l 0 , shall be much smaller than the "size" of extra dimensions given by r 0 = [i.e. µ 0 , µ ρ and µ θ ], to the six-dimensional Planck constant, and to the bulk cosmological constant. These relationships were worked out for the gravity localizing solution in Ref. [11] (see also [24] ), and they can be reproduced as well from Eqs. (4.15)-(4.16) assuming that c ≪ 1, which is a condition for a thin string limit in dimensionless variables.
Here we will write somewhat more general equations valid also for ǫ ≥ 0 or ǫ < −1 that lead to regular geometry at infinity. For c ≪ 1 the integrals and limits x c → ∞ can be explicitly taken, and one gets
As the numerical analysis shows (see also analytic discussion in Appendix), in the limit c → 0 the parameters M 0 and L 0 go to some non-zero constants (see, e.g. Fig. 10 ). Then it is clear from Eqs. (5.8)-(5.9), that the combination µ ρ + µ θ scales as O(c). In fact, as shown in [24] , this feature has a more general character and it is not related to the specific form of the Lagrangian of the Abelian-Higgs model. It is interesting to ask the question whether a thin string limit c ≪ 1 can be organised in a way that :
(i) the four-dimensional Planck scale is a finite constant;
(ii) corrections to the four-dimensional Newton law stay small;
(iii) classical gravity is applicable in the bulk; and, eventually (iv) classical gravity is applicable in the core of the string.
In order to answer these questions let us go back to the dimension-full parameters of the The other parameters can be expressed as a function of the previous ones since we know that, for instance,
In order to have only two scales in the problem, we can then take α to be fixed to given value (for instance α = 2). Once α has been fixed, we can see if, in the limit c ≪ 1, the requirements (i)-(iv) can be satisfied. In order to solve the problem, we should know the values of M 0 and L 0 defined in Eq. (3.5) in the thin string limit and also the limit of parameter ν. An analytic discussion of these questions is contained in Appendix. Here we simply state the results. In the limit c → 0 and for α = 2, ν = 2 [see Fig. 8 ], and M 0 = L 0 = 1 [see Fig. 10 ].
(i) The four-dimensional Planck mass
for small c and α = 2 is simply
which must be equal to [1.22 × 10 19 GeV] 2 .
(ii) Corrections to 4d gravity were computed in [11] and are given by 4 3π (r 0 /r) 3 . They are known to be small at the distances smaller than 0.2 mm [25] and thus we require
(iii) To parameterize the Planck constant in the bulk, we write
The choice of η ∼ 1 makes the fundamental Planck scale to be of the order of the weak scale and may potentially lead to the solution of the gauge hierarchy problem [26] . To satisfy the third requirement, we must have the curvature in the bulk to be smaller than M 2 6 , i.e.
M Λ < M 6 .
(iv) If we require the validity of gravity on the string we should demand that the (quadratic) curvature invariants of the solution are always much smaller than M 4 6 . In the small x limit the curvature invariants are VI. EXTENSIONS
A. Higher windings
The parameter space of the solutions discussed in the previous sections has been derived in the case n = 1. It is also possible to discuss the case of higher windings n ≥ 2. The study of these cases can be performed using the same techniques discussed in the case of n = 1. There are obvious differences in the asymptotics of the solutions. For the gauge field we have to require that P (0) = n. This imposes a different asymptotic solution in the core, namely f (x) = Ax n + F x n+2 , (6.1)
For n ≥ 2, we find:
With these solutions it is possible to integrate the system by repeating the same procedure discussed in the case n = 1.
Since the winding number determines the value of the gauge field at the origin the relations among the string tensions will also be modified. In particular, Eq. (4.22) becomes, in the case of n ≥ 2, 8) which implies that B, appearing in Eqs. (6.1)-(6.4), is now 
As in the case n = 1 the tuning of the string tensions expressed in terms of B is only necessary (but not sufficient) in order to get solutions which lead to gravity localization. Thus, as in the case n = 1, A should be again tuned. In Fig. 11 we illustrate an example of regular solutions with n = 2. The components of the energy-momentum tensor corresponding to the solution of Fig. 11 are reported in Fig. 12 .
In Fig. 13 a solution which localizes gravity is reported in the case n = 3. In Fig. 14 the components of the energy-momentum tensor are reported for the solution illustrated in Fig. 13 . The solutions illustrated in Fig. 11 and 13 lead to regular geometry since all the curvature invariants are finite for any x. As in the case n = 1 a full scan of the parameter space could be performed following the same procedure outlined in the body of the paper. It is interesting to speculate that these solutions may have some implications in models trying to explain the origin of families in a higher dimensional context [27] . It would then be of some interest to study, in the context of solutions with higher windings, the structure and localization of the fermionic zero modes.
B. String solutions without localization of gravity
The examples discussed up to this point illustrated mainly solutions whose warp factors decrease at infinity. In this section we will give some examples of solutions with the opposite type of behaviour.
In Fig. 15 we show a regular solution of Eqs. In Fig. 16 we plot the curvature invariants pertaining to the solution of Fig. 15 . For large
x the asymptotic behaviour illustrated in Fig. 15 can be related to the solutions given in admit a physically distinct extra solution. It is shown in Fig. 17 and the related curvature invariants are illustrated in Fig. 18 . We will not attempt here a full classification of the solutions. We can notice, however, that the solutions illustrated in Fig. 15 and Fig. 17 can be distinguished (in a coordinate independent fashion) from the behaviour of the curvature invariants in the origin. As we can see from Figs. 16 and 18 the solution of Fig. 17 leads to larger curvature invariants in the origin.
Finally we want to demonstrate that the tuning of the string tensions as implied by Eq.
(4.24) is not a sufficient condition in order to obtain solutions with localization of gravity. In Fig. 19 we illustrated a regular solution whose parameters are given by α = 1.75, ν = 1.29 and µ = −0.1 and tensions fine tuned according to Eq. (4.24). Nevertheless, the metric increases at infinity. Asymptotically for large x the solution of Fig. 19 are the ones of Eq. 
VII. CONCLUDING REMARKS
In this paper we discussed the possibility of obtaining solutions which localize gravity in six-dimensions. The source of the gravitational field has been assumed to be a generalized version of the Nielsen-Olesen vortex living in the two-dimensional transverse space.
We show that the localization of gravity is possible on a "thick" string and found a finetuning condition leading to a set of physically interesting solutions. Since the geometries described in this paper are regular (i.e. curvature singularities are absent) gravity can be described in classical terms both in the bulk and on the vortex. We studied a thin string limit and identified the choice of parameters that may potentially lead to a solution to the gauge hierarchy problem.
Various questions are still open. Our explicit solutions couple together scalar, tensor and gauge degrees of freedom. Therefore they represent an ideal framework where the localization of fields of various spin can be explicitly analyzed in a completely regular geometry. There are also open questions concerning higher windings. It has been shown that also for higher windings there are solutions which localize gravity. It would be natural to ask if these solutions are as stable as the ones obtained in the case of the lowest winding. Finally, since the geometries discussed in this paper are completely regular (in a technical sense) it is interesting to understand their stability against first order (quadratic) corrections to the Einstein-Hilbert action [19] (which may naturally arise in a string theoretical context).
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